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-entropy of a matrix
Let C 2 C mn . The Frobenius norm of C is de ned as kCk F = p TrC C , where C denotes the complex-conjugate transpose and Tr denotes trace. The spectral norm of C is de ned as kCk = q max C C , where max denotes the maximum eigenvalue. The problem described in this chapter involves the -entropy, which is a convex function of C closely related to these two norms. 
Stochastic interpretation
The Frobenius norm can be interpreted as the root-mean-square gain of the matrix C, as follows. Suppose w 2 C n is a random vector with zero mean and covariance I, i.e., Ew = 0 ;E ww T =I ;
and let z = C w .Then we have Ekzk 2 = kCk 2 F : We now connect a feedback gain 2 C nm around C, i.e., w e consider z = C u ; u=w+ z: Eliminating u yields the familiar formula for the`closed-loop gain': z = CI , C ,1 w: The inverse exists if the`small-gain' condition kk holds. Evidently the root-meansquare value of z is given by kCI , C ,1 k F . Now we assume that is a random matrix, independent of w, such that kk with probability one. The mean-square value of z is then
where the expectation is over the random feedback gain . Our open problem can now bestated:
Find a distribution for if one exists such that the mean-square value of z is given by I C, i.e., I C = E k C I , C , 1 k 2 F .
Evidently the distribution should be unitarily invariant, and must satisfy kk with probability one.
If such a distribution can be found we will have a nice interpretation of the entropy as the mean-square value of the output of a system, with a random input and a random feedback connected around it. The inequalities above w ould then show that the random feedback has little e ect unless the norm of the feedback is signi cant compared to the norm of C.
The scalar case
The problem has been solved for the scalar case m = n = 1 in 1 . If is uniformly distributed on the disk of radius 1= in the complex plane, then we have I C = E k C I , C , 1 k 2 F = E C Bibliography
